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QUENCHED LARGE DEVIATIONS FOR 
RANDOM WALK IN A RANDOM ENVIRONMENT 



ATILLA YILMAZ 
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f^^ , Abstract. We take the point of view of a particle performing random walk with bounded jumps on Z'' in 

^S) ' a stationary and ergodic random environment. We prove the quenched large deviation principle (LDP) for 

the pair empirical measure of the environment Markov chain. By an appropriate contraction, we deduce the 
quenched LDP for the mean velocity of the particle and obtain a variational formula for the corresponding 
rate function. We propose an Ansatz for the minimizer of this formula. When d = 1, we verify this Ansatz 
and generalize the nearest-neighbor result of Comets, Gantert and Zeitouni to walks with bounded jumps. 



1. Introduction 



1.1. The modeL The random motion of a particle on Z'' can be modelled by a discrete time Markov 
chain. Write tt{x,x + z) for the transition probability from x to x + z for each x,z ^ 1!^ and refer to 
Wx '■= {t^(x,x + 2))zgz<i 8-8 the environment at x. If the environment lo :— {i^x)x^%'^ is sampled from a 
i-Q ' probability space (0,6,P), then the particle is said to perform random walk in a random environment 

C^ ! (RWRE). Here, B is the Borel cr-algebra. 

For each z &!/'•, define the shift Tj on Vt by (Tjw)^ = u)x+z and assume that P is stationary and ergodic 
under (T^)^^^^. Plus, assume that the jumps are bounded by a constant B, i.e., for any z = (zi,...,Zd) G Z'', 
7r(0, z) = P-a.s. unless < |zi| + • • • + \zd\ < B. Denote the set of allowed jumps of the walk by 

>\ 7e:={(zi,...,Zd)eZ'^: < |zi| + ■ • • + |zrf| < B}. 

\^ , When _B = 1, the walk is said to be nearest-neighbor and the set of allowed jumps is 

O' ;7:={(zi,...,Zd) eZ'^: |zi| + • ■ • + |zd| = 1}. 

^^ ' For any x & U^ and cj £ f2, the Markov chain with transition probabilities given by lo induces what is 

^^ \ called the "quenched" probability measure P^ on the space of paths starting at x. The semi-direct product 

Pa: := P X P^ is referred to as the "averaged" measure. Expectations under P, PJf and Px are denoted by 
E, E"^ and Ex, respectively. 

Because of the extra layer of randomness in the model, the standard questions of recurrence vs. transience, 
the law of large numbers (LLN), the central limit theorem (CLT) and the large deviation principle (LDP) — 
}J] ' which have well known answers for classical random walk — become hard. However, it is possible by taking 

5^ \ the "point of view of the particle" to treat the two layers of randomness as one: If we denote the random 

path of the particle by X := (X„)„>o, then {Tx^Lo)n>o is a Markov chain (referred to as the "environment 
Markov chain" ) on 17 with transition kernel tt given by 



7r(w,w') := y^ 7r(0,z). 



E 

z-.T^uj^uj' 



This is a standard approach in the study of random media. (See, for example, [4], [8j, [10], [TT] or [l2|.) 

Instead of viewing the environment Markov chain as an auxiliary construction, one can introduce it first 
and then deduce the particle dynamics from it. 

Definition 1. A Junction tt : Q x TZ —>■ R+ is said to be an "environment kernel" if 
(i) 7r(-, z) is B-measurable for each z E TZ, and (ii) X^zeK '^('i -^) = 1; P-a.s. 
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It can be viewed as a transition kernel on CI via the following identification: 



Tr{uj,uj') := ^ Tr{uj,z). 



Given x G U^ , w € fi and any environment kernel tt, the "quenched" probability measure P^''^ on the 
space of particle paths (X„)„>o starting at x in environment uj is defined by setting PJ''^ (Xq — x) = \ and 

P*''^ (X„+i = 2; + z |X„ = y ) = %{TyU:, z) 

for all n > 0, y ^ TH^ and z ^ TZ. The semi-direct product P^ := P x P^'" is referred to as the "averaged" 
measure, and expectations under P^'" and P^ are denoted by i?^'" and EJ^, respectively. 

See [20] or [22 for a more detailed description of RWRE, examples and a survey of the literature. In this 
work, we focus on the quenched large deviation properties of this model. 

1.2. Previous results. Greven and den Hollander [7] prove the quenched LDP for the mean velocity of a 
particle performing nearest-neighbor random walk on Z in a product environment (i.e., when P is a product 
measure) and show that the rate function is convex but typically has parts consisting of line segments. Their 
proof makes use of an auxiliary branching process formed by the excursions of the walk. Using a completely 
different technique, Comets, Gantert and Zeitouni [3] extend the results of [7] to stationary and ergodic 
environments. Their argument involves first proving a quenched LDP for the passage times of the walk by 
an application of the Gartner-Ellis theorem and then inverting this to get the desired LDP for the mean 
velocity. 

For d > 2, the first result on quenched large deviations is given by Zerner [53]. He uses a subadditivity 
argument again for certain passage times to get the quenched LDP in the case of product environments. He 
assumes that the environment is "nestling" , i.e., the convex hull of the support of the law of X^zgtc ^C^' ^)^ 
contains the origin. By a more direct use of the subadditive ergodic theorem, Varadhan [21] drops the 
nestling assumption and generalizes Zerner's result to stationary and ergodic environments. 

The drawback of using subadditivity arguments is that one does not obtain a formula for the rate function. 
Rosenbluth [TB] takes the point of view of the particle and gives an alternative proof of the quenched LDP 
for the mean velocity in the case of stationary and ergodic environments. He provides a variational formula 
for the rate function. His approach is parallel to the work of Kosygina, Rezakhanlou and Varadhan [9] on 
diffusions in random environments. 

1.3. Our results. For any measurable space {Y,T), write Mi{Y,T) (or simply Mi{Y) whenever no confu- 
sion occurs) for the space of probability measures on {Y,!F). Consider random walk X = (X„)„>o on Z*^ in 
a stationary and ergodic random environment, and focus on 



-. n— 1 
■n i- — ' 



n-1 



n 

k=0 



which is a random element of Afi(i7 x TZ). The map (w,z) (^ (llj,TzUj) imbeds Mi(il x TZ) into Mi(Cl x il), 
and we therefore refer to v^i^x as the pair empirical measure of the environment Markov chain. For any 
fi G Mi(n x TZ), define the probability measures (/i)^ and (p)"^ on il by 

d{ii)^{uj) := \^d/i(ijj,z) and d(/i)^(a;) :~ ^ ^ diJ.{T-zi^, z) 
zen zen 

which are the marginals of /i when fi is seen as an element of Mi{Vt x Vt). With this notation, set 

MfAn x 7^) := j/i e Mi(n x 7^) : (/i)i = (^)2 < P, ^f^\^'^; > P-a.s. for each z e [/ 
I d(^)i(cj) 

Our first result is the following theorem whose proof constitutes Section |21 
Theorem 1. // there exists an a > Q such that 

(1.1) /|log7r(0,z)|'^+"dP<oo 
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for each z € TZ, then P-a.s. {Po{vn.x G ■))">! satisfy the LDP with the good rate function 3** , the double 
Fenchel-Legendre transform of 3 : Mi (il x 7^) — > IR+ given by 

(1.2) 3(^)^1 /a E.g^dM^,^) log 3(^:?^^§^ ^f^,eM<inx^z), 

1 oo otherwise. 

Remark 1. 3 is convex, but it may not be lower semicontinuous. Therefore, 3** is not a-priori equal to 3. 
See Appendix A for a detailed explanation. 

We start Section [3] by deducing the quenched LDP for the mean velocity of the particle by an application 
of the contraction principle. For any /i e Mi{n x 7?.), set 

(1.3) C^:- /'^dAi(c.,z)z. 

•^ zeiz 

For any ^ G R'', define 

(1.4) A^ := {^i G Mi(r! X 7^) : e^ = ^}. 

The corollary below follows immediately from Theorem [1] and reproduces the central result of jl6| . 

Corollary 1. // there exists a > such that \1.1\) holds for each z G 7?., then (Pq{—^ G •))n>i satisfy the 
LDP for P-a.e. lo. The good rate function I is given by 

(1.5) 1(0 = inf T*it,) 

(1.6) = inf 3(m) 



where 3 and Ae are defined in U.2\) and [LJV, respectively. I is convex. 



One would like to get a more explicit expression for the rate function /. This is not an easy task in 
general. Mi (17 x TZ) is compact (when equipped with the weak topology), A^ is closed, and 3** is lower 
semicontinuous. Therefore, the infimum in (|1.5p is attained. However, due to the possible lack of lower 
semicontinuity of 3, the infimum in (|1.6p may not be attained. 



Definition 2. A measurable function F : Q x TZ ^ W is said to be in class K, if it satisfies the following 
conditions: 

Moment: For each z G TZ, F{-,z) G Ua>o-^''^"(^)- 

Mean zero: For each z eTZ,E [F{-, z)] = 0. 

Closed loop: For P-a.e. uj and any finite sequence {xk)^^Q in 'ifi such that Xk+i—Xk G 7^ and xq — Xn, 

n-l 



y^ F{Tx^uj, Xk+1 - Xk) = 0. 



fc=0 



The following lemma provides an Ansatz and states that whenever an element of A^ fits this Ansatz, it is 
the unique nfinimizer of (|1.6p . Its proof concludes Section [31 

Lemma 1. For any ^ G M'^, if there exists a jj,^ £ A^ M^^{il. x TZ) such that 

dfi^iu;, z) = d(Mc)i(c^)^(0, z)e<^'^>+^(-'-)+'- 

for some 9 G M."^, F G TC and r G M, then /i^ is the unique minimizer of il.6]) . 

In Sections [3] and [5l we show that the recipe given in Lemma [T] works when d = 1. We make the following 
assumptions: 

(Al) There exists an a > such that / | log7r(0, z)|^+"dP < oo for each 2; G 7^. 

(A2) There exists a. S > such that P(7r(0, ±1) >S) = 1. This is called "uniform elhpticity". 

For every y G Z, 

(1.7) Ty := inf{fc > : Xk > y} and fy := inf{fc >0:Xk<y} 

denote the right and left passage times of the walk. The following lemma is central to our argument. 
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Lemma 2. Suppose d — 1. Under the assumptions (Al) and (A2), the limits 

\{r) := lim -log^^ [e''^",r„ < oo] and \{r) := lim -logE^ [e''^-",i=_„ < ool 

n — >cxD ji n — >oo n 

exist for P-a.e. uj. The functions r i— > \(r) and r i— > A(r) are 

(i) deterministic, 

(ii) finite precisely on {—oo, re] for some re G [0, oo), and 
(iii) strictly convex and differ entiable on {~oo, re). 
The constants 

L:={y{rc~)r' and ^, := - (A'(r,-))~' 
satisfy ~B < ^c <0 < £.c < B. 

For every ^ G {—B,^c) U {£,c,B), we construct a /i^ that fits the Ansatz given in Lemma [T] Substituting 
it in p.2p . we get an exphcit expression for (fTT 



Theorem 2. Suppose d — 1. Under the assumptions (Al) and (A 2), 

( sup^gjj,{^ - CA(r)} i/C >0, 
(1.8) /(0 = < sup,gR{r + CA(r)} ifC<0, 

wit/i Tc given in Lemma\^ The function ^ ^-> /(f) is 
(i) affine linear on [fc,0] and [0,S,c], 
(ii) strictly convex on {—B,^c) and {^c,B), and 
(iii) differ entiable on {—B,0) and (0,B). 

Section 2] focuses on nearest-neighbor walks under assumption (Al). In that case, the proof of Lemma [5] 
is straightforward since 

X{r)=E{logE'^[e''^\Ti<oo]) and A(r) = E (log/;^ [e''^-Sf_i < oo]) . 

Naturally, Theorem [2] is identical to the quenched LDP result of [3]. 

The general case of walks with bounded jumps is studied in Section [5] where the proofs are more technical. 
Theorem [2] generalizes the quenched LDP result of 3 , but there is a qualitative difference: 

Proposition 1. Suppose d — 1. For nearest-neighbor walks, /(f) = /(— f) + f • (A(0) — A(0)) J/f G [—1, 0). 
Such a symmetry is generally absent for walks with bounded jumps. 

2. Large deviation principle for the pair empirical measure 

As mentioned in Subsection 11.21 Rosenbluth [TB] takes the point of view of a particle performing RWRE 
and proves the quenched LDP for the mean velocity. In this section, we generalize his argument and 
prove Theorem [T] The strategy is to show the existence of the logarithmic moment generating function 
A : Cbin X 7^) ^ R given by 



A(/) = lim -logE^ 

n — 'OO Ti 



gn(/,i',i,x) 



lim -logE'^ 



exp^/(rx,c^,^fe+i-Xfc) 
\fc=o 
where Cb denotes the space of bounded continuous functions. 

Theorem 3. Suppose there exists an a > such that il.l\) holds for each z E TZ. Then, the following are 
true: 

Lower bound: For P-a.e. to, 

/n-\ \ 

expK^/(rx,c^,Xfc+i-Xfe) 
\fc=o y 

> sup / Y. d^(^' ^) f /(^' ^) - iQg M uf ''^' 1 ^ ) -■ ^(■^)- 

A.GJ\/<<(OxK)7 f^^ V d(/i)i(a))7r(0,r^ 



liminf ilog/;^ 

n — 'OO Tl 
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Upper bound: For¥-a.e. to, 



lim sup — log £'0 



/n-\ 



exp ^ f{Tx^uj,Xk+i - Xk) 



\k=t) 



< inf esssuplog^ 7r(0,z)e^('^'^)+^('^'^) =: A(/). 



F^K 



zen 



Equivalence of the bounds: For every e > 0, there exists an F^ £ IC such that 

ess sup log V 7r(0, z)efi'^'^)+P'('^-^) < T{f) + e. 

Thus, A(/) < r(/). This clearly implies the existence of the logarithmic moment generating function. 

Subsection 12.11 is devoted to the proof of Theorem [3l After that, proving Theorem [T] is easy: the LDP 
lower bound is obtained by a change of measure argument, and the LDP upper bound is a standard result 
since Mi{^ x TZ) is compact. Details are given in Subsection 12.21 

In our proofs, we will make frequent use of 

Lemma 3 (Kozlov |10|). If an environment kernel tt satisfies 7r(-, z) > P-a.s. for each z E U , and if there 
exists a tt -invariant probability measure Q <C P, then the following hold: 

(a) The measures P and Q are in fact mutually absolutely continuous. 

(b) The environment Markov chain with transition kernel tt and initial distribution Q is stationary and 
ergodic. 

(c) Q is the unique tt -invariant probability measure on O that is absolutely continuous relative to P. 

(d) The following LLN is satisfied: 



P^fhm ^= fj^TTiu 
\ n^co n I -^ — ' 



= 1. 



2.1. Logarithmic moment generating function. 

2.1.1. Lower bound. This is a standard change of measure argument. For any environment kernel tt as in 
Definition [2 



E^„ 



/n-l 



exp^/(Tx,w,Xfc+i-Xfe) 



\k=0 



e: 



e: 



exp ^ f{Tx^uj,Xk+i - Xk) 



dP^ 



^k=0 
(n-\ 



exp Y. fiTx.u;^ ^k+i - Xk) ~ log 



dPo"'' 

^ 7r(Txfc(jj, Xk+i — Xk) 



\k=0 



7r(Xfc, ATfe+i) 



If 7r(-, z) > P-a.s. for each z E U, and if there exists a e L^{F) such that <f>dF is an invariant probability 
measure for the kernel fr, i.e., if 

0(^) = X! 't'i^-z^)'^{T~z(^,z) 



zeTZ 



for P-a.e. lu, then it follows from Lemma [3] that ^dP is in fact an ergodic invariant measure for tt. By 
Jensen's inequality, 

/n-l N 

^^'P X! fiTxk^,Xk+i - Xk) 



1 



lim inf- log £^ 

n — >oo Tl 



\k=0 



> lim inf £^'" 



- ^ fiTx.u;, Xk+i ~ Xk) - log ^^^ 
n -^ — ' TT 



T^iTx^u>,Xk+i - Xk 



fc=0 



(2.1) 



= / ^T^i^^z) [f{^,z) -lo; 



zen 



7r(tJ,z) 
tt{0,z) 



{Xk,Xk+i) 

Hf{TT,4>). 
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Therefore, 

_, r (n-\ \ 

expK^/(Tx,a;,Xfc+i-Xfe) 



liminf-log^^ 



\k^^ 



(2.2) > sup / Y. i:(i^, z) (ficu, z) - log ^^^) 4>{^W 

(#,0) J -r^Jl \ \ 1 ) / 

where the supremum is taken over the set of ah (Jt, <j)) pairs where Tr(-, 2:) > P-a.s. for each z G U and 0dP 
is a 7T-invariant probabihty measure. Note that there is a one-to-one correspondence between this set and 
M^^{^ X TZ). Hence, (|2?2l) is the desired lower bound. 

Before proceeding with the upper bound, let us put p.2p in a form that will turn out to be more convenient 
for showing the equivalence of the bounds. We start by giving a lemma. 

Lemma 4. For every / G Cb(il x TZ), Hf (defined in i2.1\) ) has the following concavity property: For each 
t £ (0, 1) and any two pairs (tti, (f>i) and (7r2, ^2) where (fn dP is iTi-invariant (for i — 1, 2), define 

^ = 77 — ~M TTT' '?^3 = tfj^i + (1 - t)<t>2 and ^3 = 77T1 + (1 - 7)^2- 

t(j)i + (1 -i)02 

Then, (/)3 dP is its-invariant and 

(2.3) Hf{iT3,<j>3) > tHfiTTl,(f>l) + (1 - t)Hf{TT2,^2)- 

Proof. For any t £ (0, 1), it follows from the definitions and the assumptions in the statement of the lemma 
that P-a.s. 



y^ 03(T-^w)7r3(T_^w, z) = ^ (f)3{T^^uj)j{T^^uj)TTi{T^^uj, z) + ^ (j)3{T^^uj){l - j{T^:,uj))tt2(T^z^, z) 
zeTi zeTZ zeTZ 

= t^ 0i(r_^w)7ri(T_2u;,z) + (1 -i) ^ (f)2iT_zUj)'iT2iT_zUJ, z) 

= i0i(w) + (l-t)02(t-')=03(w). 

In words, 03 dP is 7r3-invariant. Finally, 

Hf{7T3, h) = jY. *3(^, ^) (/(^^^ ^) - log ^^^1^) '^3(c.')dP 

>Jj{u;)Y,M^,z)(^f{u;,z)-\og^^^^^U^)d¥ 
+ 1(1 - 7(c.)) ^ 7r2(t^, z) (^/(^, z) - log ^^^1^^ 03(^)dP 

= t|^^i(^,z)(^/(c^,z)-log^^i|:^)0i(.;)dP 

+ (1 - t) / E ^2(^, ^) (/(^, ^) - log ^^^^) M^W 

= tHf{TTl,(f>l) + {1 -t)Hf{TT2,(f>2) 

where the second line is obtained by applying Jensen's inequality to the integrand. D 

Going back to the argument, let 7ri(uj,z) := l/{2d) for each z £ U and 4>i{uj) :~ 1 for P-a.e. ui. An 
easy computation gives Hf{TTi,(f)i) > —00. Take any pair (712,02) such that 02 dP is 7r2-invariant and 
Hf{7r2, 02) > —00. For any t G (0, 1), define {113, 03) as in Lemma|4]and see that tt3{ll!, z) > P-a.s. for each 
z £ U. Recalling (|2.3p . note that i//(7r3,03) > (1 — t)Hf {7:2, 4>2) + 0{t). Since one can take t arbitrarily 
small, the value of (|2.2I1 does not change if the supremum there is taken over the set of all (tt, 0) pairs where 
0dP is a TT-invariant probability measure, dropping the positivity condition on rr. Finally, decouple fr and 
0, and express the lower bound r(/) as 

(2.4) supsupinf fyTr{Lj,z)(f{u;,z)-\og^^^j^ + h{uj)-h{TzU;))<j>dP 

<p TT 1^ J ±t \ 7r(0,z) J 



zen 
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where the suprema are over all probability densities and all environment kernels, and the infimum is over 
all bounded measurable functions. This is due to the observation that if (f)dF is not 7r-invariant, then there 
exists a bounded measurable function h : Cl —> M. that satisfies 






and taking scalar multiples of h shows that the infimum in (|2.4p is — oo. 



2.1.2. Upper bound. Fix f E Cb{fl xTZ). For any F e IC, define 

K{F) :=esssuplog^7r(0,z)e^('^'^)+-^('^'^). 



Then, P-a.s. 
(2.5) 



E^ L^c^^. 



z<£K 



_^u>,X„-X„-i) + FiTx^_iUj,X„-X„-i 



-^n-1 



zeiz 
< e^(^). 

Taking conditional expectations and iterating (|2.5p . one sees that P-a.s. 

E'^ exp [ Y, fiTx.u;, Xk+i - Xk) + F{Tx,oj, Xk+i - X^) J 
\fe=o /. 

At this point, for any e > 0, use Lemma [S] (stated below) to write 



< e"-^^^). 



E':: 



n-1 



exp -Ce - ne + ^ /(Tx^w, Xk+i - Xk) 
\ fc=o 



where Cg = Ce(ci;) is some constant. Arrange the terms to obtain 
1 



■ log i?o" 



exp[J2f{Tx,u;,Xk+i^Xk) 



\k=0 



<K{F)+e + 



Let n — > oo, e — ^- 0, and take infimum over F £ ]C. This is the desired upper bound. 

Lemma 5. For every F E JC, e > and V-a.e. uj, there exists c^ — Ct{Lo) > such that for any sequence 
i.^k)k=o with cCq = and Xk+i ~ x^ E TZ, 



y^ F{T^^uj, Xk+i - Xk) 



fe=o 



< Ce + ne 



for all n > 1. 

Remark 2. Lemma\^ is proved in Chapter 2 of I16j. See Appendix B for a sketch of the proof. In his 
definition of class /C, Rosenbluth takes F : Q x U ^ R. But. such functions uniquely extend to Q x TZ by the 
closed loop condition in Definition\^ and Lemma\^ remains to be valid without any extra work. 
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2.1.3. Equivalence of the bounds. Consider a sequence {Sk)k>i of finite cr-algebras such that B = a {[J^, £k) 
and £k C T^Sk+i for ah z eTZ. Then, recah (|2.4[) and see that r(/) can be bounded below by 

(2.6) sup sup inf / y 7r(cj, z) (f{uj, z) - log ^%4 + K^) - h{T,u)] dP 

4, i, h J ^ \ TT(0,Z) J 

(2.7) = sup inf sup / V 7r(^, z) f /(w, z) - log ^^^^ + h{u;) - h{T,u;)] dP 

^ h f, J ^ \ 7r(0,z) J 

(2.8) =supinfsup / y^ [v{uj, z) — log tt (to, z)]Tt{uj,z)(j)d¥ 

^ '' * -^ .7^ 

(2.9) = sup inf / sup Y^ [w(a;, z) — log^(aj, z)]7r(aj, z) 0dP 

(2.10) = sup inf / I log y e''("'^M ^dP 

(2.11) =infsup /" [log^e^^'^'^M <?!>dP 

(2.12) = inf ess sup log ye"^"''^^ 

zGTc 

Explanation: In ()2.6p . the first supremuni is taken over ffc-measurable probability densities, the second 
supremuni is over ffc-measurable environment kernels and the infimum is over bounded i3-measurable func- 
tions. For each 0, the second supremuni in (|2.6p is over a compact set, the integral is concave and continuous 
in TT and affine (hence convex) in h. Thus, one can apply the minimax theorem of Ky Fan [6] and obtain 
(|2.7p . The integral in (|2.7p can be evaluated in two steps by first taking a conditional expectation with 
respect to £k- This gives (|2.8p where 

v(lj, z) := E [log7r(0, z) + /(w, z) + h{uj) - h{T,Lu) \Ek] • 

The integrand in (|2.8p is a local function of 7r(cLi, •), therefore the supremum can be taken inside the integral 
to obtain (|2.9p . Apply the method of Lagrange multipliers and see that the supremum in (|2.9p is attained 
at 

Tl{ijJ,z) = =^ -. 7T-. 

l^z'en'- 
Plugging this back in (|2.9p gives (|2.10p . The integral in (|2.10p is convex in /i, and affine (hence concave) and 
continuous in (j). Plus, the supremum is taken over a compact set. Thus, one can again apply the minimax 
theorem of Ky Fan j 6: and arrive at (|2.1ip which is clearly equal to (|2.12p . 

Let us proceed with the proof. (|2.12p implies that Ve > and /c > 1, there exists an h^^e that satisfies 

(2.13) log y expE [log^(0, z) + /(w, z) + hkA^) - hkATzto) \£k] < r(/) + e 

zeK 

for P-a.c. uj. Therefore, 

(2.14) E [hkA^) - hkATzio) \£k]<E [- log^(0, z) \£k] + ll/lloo + r(/) + e 

for each z G 7^. Define F^,, : f^ x 7^ ^ K by Fk,e{oJ, z) := E [hkA^) - hk,e{TzUj) \£k-i]. Then, 

(2.15) FkA^, z) < E [- log7r(0, z) \£k-i ] + ||/||oo + r(/) + e 
holds P-a.s. for each z ^ TZ. Also, note that 

-E[hkA^) - hkATzUj) \T^z£k] = -E[hkAT-zio) - hkA^) \£k] (T,-) 

= E[V,(w) - hk^T-z^) \£k] (T,-) 
<E[- log7r(0, -z) \£k] (T,.) + ||/||oo + r(/) + e 
= E[-log7r(z,0)|T_,5fe] + ll/lloo + r(/) + e 
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where the inequality follows from (|2.14|) . Since £k-i C T^zSk, taking conditional expectation with respect 
to Sk-i gives 

-FkA^, z)<E[- log^(z, 0) \£k-i] + ll/lloc + r(/) + e. 
Recall (I2.15P and deduce that 

\Fk,,{u;, z)| < E [- log^(0, z) \£k-i ] + E [- log7r(z, 0) \£k-i ] + ||/||oo + r(/) + e. 

This implies by (jl.ip that (Ffc_e(-, z))^^^^ is uniformly bounded in L''+"(P) for each z ^ TZ. Passing to a 
subsequence if necessary, Fk^^{-, z) converges weakly to a limit F^{-, z) e L'*+"(P). 
For j >1 and any sequence {xi)^^^ in !/• such that Xi+i — Xi ^ TZ and xq = Xn, 



' n~\ 



^. 



(2.16) 



E ^ F^{Tx^Lj, Xi+i - Xi) 

\ i=0 / 

n — 1 / 

= ^ E f lim Fk,e{Tx^u}, x^+i - Xi) £ 
i=0 ^ ^°° 
n-l 

= V" lim ¥.{Fk,c{Txi^,Xi+i -x.i)\£j) 

^ — ^ k^oo 
i=0 

n-1 

= V" lim E (E [hk,e{<~o) - hk^e{Tx,+i-x,^) \£k-i] {Tx,uj)\£j 

i=0 
n-\ 

= V" lim E (E \hk,e^xi'^) - /lfc,e(T:c, + iW) \T^x,£k~\\ I £}) 
^ — ' k — *oo 

4=0 

= V" lim E (/ifc,,(T:riW) - /ifc,e(r^i, lO;)! 6:^) 

^^ — ^ /e^oo 

4=0 

lim E ( Y^ (hkATx^to) - hkATx,_,,uj)) £A^0 



k — ^oo 



4=0 



holds P-a.s., where (|2.16l) follows from the fact that £j C T^xi£k-i whenever k is large enough. Therefore, 
Y^^=o Fe{TxiUj,Xi+i — Xi) = for P-a.e. uj, and F^ : fl x TZ ^ M. satisfies the closed loop condition given 
in Definition [51 We already know that it satisfies the moment condition, and it is also clearly mean zero. 
Hence, F^ e IC. 

Since E [log7r(0, z) + f{uj, z) \£k-i] is an L'^+" (P)-bounded martingale, it converges to log7r(0, z) + /(•, z) 
in i^+"(P). Therefore, 

CkA-, z) - E [log7r(0, z) + f{uu, z) \£k-i ] + FkA', z) 

converges weakly in L''+"(P) to log7r(0, z) + f{-,z) + F^{-,z). By Mazur's theorem (see |T7]), there exist 
£'fc,, :17x7^^]RforA:>l such that /:;.^^(-, z) converges strongly in L'*+° (P) to log7r(0, z) + /(-,z) + Fe(-, z) 
for each z G TZ and £'j. ^ is a convex combination of {-Ci,c, /^2,ej • ■ • , ^k,e}- Passing to a further subsequence, 
£'j, ^(-j z) converges P-a.s. to log7r(0, z) + f{-, z) + F^{-, z). Take conditional expectation of both sides of (|2.13p 
with respect to £k-i and use Jensen's inequality to write 

log Y, exp (E [log^(0, z) + f{Lu, z) \£k-i ] + Fk^; ^)) < r(./) + e. 

Again by Jensen's inequality, log^^zeK "^^p ( C^. ^(•, z) j < r(/) + e. Taking fc — > cx) gives 

log Y ^(0- z)e-^("^")+^^("'^) < r(/) + e 
ze-R. 



for P-a.e. uj. Theorem[3]is proved. 
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2.2. Large deviation principle. Putting together (|1.2p and Theorem [3l one sees that 
A(/)= sup / ^d^(^,z) (/(^,^)-log ,.,^l^.^^'^.^ 



sup {(/,Ai) -3(Ai)} 

^eAff;(OxK) 

sup {(/,//) -a(^)} 

/^eAfi(f7xK) 

= 3*(/), 
the Fenchel-Legendre transform of 3. Therefore, 3** = A*. 
Since Mi(ri x 7?.) is compact, 

limsup - log P„"(i/„ X e C) < - inf A*(^) = - inf 3**(^) 

ra^oo n li£C fj.eC 

for P-a.e. uj and any closed subset C of Mi(J7 x 7^). (See Theorem 4.5.3 of [S].) 

To conclude the proof of Theorem[l] one needs to obtain the LDP lower bound. Note that, for any open 
subset G of Mi{n x TZ), inf^gc 3**(i^) = infi^gc 3(j^)- (See [14], page 104.) Therefore, it suffices to show 
that, for any /i G Mf^^{n x TZ), any open set O containing /x and P-a.e. oj, 



(2.17) 

Take the pair 



liminf-logP„"(zy„,x e O) > ~3(Ai)- 



(71,0) := 



dM A{^lY 



AW dl 

corresponding to a given /z G Afj^(ri x TV). Then, (p e i^(P), (/)dP is a 7r-invariant probability measure, and 
7r(-, 2;) > P-a.s. for each z G U. With this notation, (|2.17p becomes 

Tr(tj,z) 
/ ^ "V^i-i^iog 



hminf ilogF„-(i.„.x e O) > - / V ^(c^,z)log- 



(0,z) 



Recall Definition [T] and introduce a new measure R^''^ by setting 



di?:^"^ := 



Then, 
Hm inf - log P^"' (i^„.x e O) = lim inf - log Ep'^ 

n—>-oo 11 n— i-cx3 n 



Po"'"(^„,xeO) 

dP„" 



dP." 



i^rt.xeo ■ 



dPo" 



= lim inf - flogP:^-(i.„,x e O) + log / ^^dP*'" 

>liminf i flogP*-(i.„,x e O) - /log^^dP^" 
n—foo n \ / dPf^ 



: lim inf - ( log P*'- {iy,,.x ^ O) - — ^ 



Po"'"(^„,x e O) 



-El 



S.„,xeolog^- 



where the third line uses Jensen's inequality. It follows from Lemma [3] that lim„^oo P^''^(i/„ ^ G O) = 1. 
Therefore, 



lim inf - logP„"(j/„ x e O) > - limsup -E*'' 



dP^'" 



> vr w, z) log — — — w 

again by Lemma [3] and the P^-ergodic theorem. Theorem [1] is proved. Finally, note that the convexity of 3 
follows from an argument similar to the proof of Lemma [H 



Remark 3. 3** is a good rate function since Mi(Cl x TV) is compact. 



quenched large deviations for rwre 

3. Contraction principle and the Ansatz for the minimizer 
Proof of Corollary [H Recall (|1.3p and observe that 

1 ""^ 

•^ zen fc=o 

Therefore, as noted in Subsection 1 1.3[ Corollary [T] follows from Theorem [T] by the contraction principle (see 
[5]), and the rate function is given by (jl.Sp . 

In order to justify p.6|) . let us define J : R'^ ^ M+ by J(^) = inf^e/i^ 3(//). We would like to show that 
J = I. Since 3 and 3** are convex, / and J are convex functions on R''. Therefore, it suffices to show that 
J* = r. For any 77 £ M'*, define /,, G Cb(r2 x 7^) by /,,(w, z) := (z, r]). Recalling pT^ . 

r(77) - sup{(r;,0- inf 3**(m)} 
= sup sup {(t?,^^) - T*{fi)} 

sup {(/^,m)-^**(A')} 

Similarly, J*(r/) = 3*(/,,) = A(/^). We are done. D 

Proof of Lemma [7J The rate function given by formula (jl.6[) is 



(3.1) HO = 



inf / > duicj, z) log , , ,, , — r^-^- — -. 



''^^«n^^i.- --'.GK 



Fix a ^ = (^1, . . . ,^d) e R'^ with |Ci| + ■ • • + |^d| < ^- (Otherwise, the set A^ is empty.) If there exists a 
/^^ e A^ n M^^{fl X 7^) such that 

dM«(c., z) = d(Aie)'(^)^(0, z)e<^^^>+^("-^)+'^ 
for some 6* £ R'', i^ £ /C and r G R, then for any v e A^ H M^^{n x 7^), 



di'{uj, z) 



Ji^^ = / > d;^tj,z log 

Jo^t^ d(z.)i(u;)7r 



(0,z) 



di/(w, z)e<»'^)+^("'^)+'^ 



" i 1^"^"^"' '^ ^°^ cl(z.)i(u;)7r(0, z)e(«.^)+^(-^)+'- 

^ / E d.(c., z) ((^, z) + F(., z) + . + log dK^,^)d(M,)^(^) 
Jnf^ \ d(t/)i(w)d^5(w,z) 

^,t^ yo,^ d(i/)i(^)d/i4(^,z) 

Under the Markov kernel j^Tyr with invariant measure {vY , P-a.s. 

1 ""^ /■ 

lim -y^(rx,c^,Afc+i-Afe)= / y Muj,z)F{uj,z) 

by Lemma [3] and the ergodic theorem. But, the same limit is by Lemma [5l Therefore, 

(3.2) 3(^) = (^,0+r+ / EdK^^-)log Hr w'\?f ^1 - 

Jnf^ d(j/)i(w)dpi^(w,z) 

By an application of Jensen's inequality, it is easy to see that the integral on the RHS of (|3.2p is nonnegative. 
Moreover, this integral is zero if and only if -^^ = ^, ^\i holds (t/)^-a.s. and hence P-a.s. by Lemma [3] 

Since (^5)^ is the unique invariant measure of ,, ^K-^ that is absolutely continuous relative to P (again by 
Lemma 131), ^5 is the unique minimizer of (|3.ip . D 
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4. Nearest-neighbor walks on Z 

In this section, we carry out the recipe given in Lemma [1] and prove Theorem [2] in the case of nearest- 
neighbor random walk on Z in a stationary and ergodic environment. As mentioned in Subsection 11.31 we 
assume that the foUowing holds: 

(Al) There exists an a > such that / | log7r(0, ±l)|i+"dP < oo. 
Proof of Lemma\^for nearest-neighbor walks on Z. Define C.{r,Lu) := E^ [e*"^^, ti < cxd] for any r G M. Then, 

A(r) - lim -logE'^^ [e'^^",T„ < oo] = lim i log ( TT E^ K^'^+Sr^+i < oo] ) 

_, n—1 

= lim - V log C(r, TkLj) = E [log C(r, ■)] 

n — >oo ri — 
k=0 

by the ergodic theorem, where the limits hold for P-a.e. tu. If C(''i^) is finite, then 

C(r, to) = 7r(0, 1)0'- + 7r(0, -iXCir, T^iLu)C{r, to), 

(4.1) 1 = 7r(0, l)e''C(r, oj)-'^ + 7r(0, -l)e''C(r, T^iuj). 

Since 7r(0, —1) > holds P-a.s., the set {ui : C(''j'^) < c«} is T-invariant, and its P-probability is or 1. The 
function r ^-s- ^(r, uj) is strictly increasing. There exists an re > such that P {uj : C(r, w) < oo) = 1 if r < re 
and P {uj : C(r, w) = oo) = 1 if r > re. When r < re, 

E^ [e-^^ ,Ti<^]>E^ [e'-^i , X^ - -k, X2k = 0, n < oo] 

(-fc+i -1 \ 

n <^,^- 1) n ^(j'j' + 1) ^o [e'-^\n < ^] 
i=0 3 = ~k J 

for any k > 1. Cancelling the E'^ [e'"^% ri < oo] term on both sides and taking logarithms give 

-fc+i -1 

2rk+ J2 ^ogTT{i,i-l)+ J2 log7r(j,j + l)<0. 

1=0 j=-k 

Divide both sides by fc, let fc — ^ oo, and see that 2r < — ]E[log7r(0, — 1)]— E[log7r(0, 1)] by the ergodic theorem. 
This, in combination with (Al), implies that re < oo. 

By dUID, 1 > 7r(0, -l)e''C(r,T_iw) and logC(r,r_iw) < - log7r(0, -1) - r. Thus, 

(4.2) A(r) =E[logC(r,-)] < / | log7r(0, -l)|dP - r < oo 

for r < re, and also for r = re by the monotone convergence theorem. 

It is easy to see that r t^ A(r) = E[logC(?', •)] is analytic on (— oo,re). Assumption (Al) ensures that the 
walk under P^ is not deterministic, therefore 

X"(r) = E [ ^o [^ie''"^^i<H _ / go"[rie-Sri<oo] 
^ ' E^ [e'-^i , Tl < oo] \ E'^ [e*-^! , n < oo] 

is strictly positive by Jensen's inequality. Hence, r i~> A(r) is strictly convex on (— oo,rc). Recall that 
^e := ^'{fc—)~^- Use again the fact that the walk under P^ is not deterministic, and write 

C^ = A'(re-) > A'(O-) = E(i?„"[ri| n < c^]) > 1. 

We have proved half of Lemma [2l namely the statements involving r i-^ A(r). Simply replace r„ by ?_„ to 
prove the other half of the lemma. 

What remains to be shown is that the same re works for A(-) and A(-). This is proved in Appendix C. D 

Let us start the construction. Note that 

lim A'(r)= lim E f ^° t^^^^"' ^^ < ^^ = 1. 

The map r i-^ A'(r) is strictly increasing and, therefore, it is a bijection from (— oo,re) to (1,^^^). In other 
words, for any ^ e (^ej 1); there is a unique r = r(^) < r^, such that ^^^ = A'(r). 



QUENCHED LARGE DEVIATIONS FOR RWRE 13 

Taking r = r(^), recall (|4.ip and define an environment kernel tt^ (in the sense of Definition [T|) by 

(4.3) 7r^(w,l) :=7r(0,l)e''C(r,cj)-i and 7r^(w, -1) :== 7r(0, -l)e''C(r,T_iw). 

For every x G Z, in order to simplify the notation, P*-"^, E^-^'^, P*- and E*- are denoted by PJ'", -Bp"^, PJ 
and E!^, respectively. For P-a.e. uj and any finite sequence {xkY^^Q in Z such that x^+i —Xk&U and x„ = 1, 
it is easy to see that 

(4.4) PJ^"(Xi = a:i, . . . ,X„ - .T„) = e™C(^^)"'i^o"(^i = 2:1, . . . ,X„ = a;„). 
Lemma 6. P^ (ti < 00) = 1. 

Proof. For P-a.e. w, 

Pr(ri < 00) = S-[c-^C(^'^)-\n < ^] = C(r,c.)-iii;-[e-\Ti < 00] = 1 
where the first equality follows from (|4.4p . D 

Lemma 7. i?o[Ti] = ^^^ < 00. 
Proof. For any s G R and P-a.e. lo, recall (|4.4p and observe that 

£;r[e-^] = i?r[e-\Ti < 00] = i?-[e('-+^)-^C(^'^)-\n < 00] 

^C{r + s,u)C{r,Lu)-\ 
Therefore, E {log El^'^ [e""^^]) = \{r + s) - \{r) < 00 by (|42|l whenever r -I- s < Tc, and 

E (log i?r[e^^i]) = A' (r)=r^ □ 



K[n] = ^ 



5=0 



Since 7rr(-,±l) > holds P-a.s., there exists a 0r G -L^(P) such that 0^ dP is a Tr^-invariant probability 
measure. (See, for example, [T].) The pair (-S-rj^r) corresponds to a /i^ G Afj^(ri x [/) with d/i^(a;, ±1) = 
7r,.(cj, ±l)0r(^)dP(w). By Lemma |31 the LLN for the mean velocity of the particle holds under P^. The 
limiting velocity is 

/ y^ TTr{uj,z)z(j)r{uj)A¥ = ^^^ 

with the notation in p.3p . Therefore, Cu ^ = ^ol'^'i] — C^^ by Lemma [71 In other words, /i^ G A^. 
Define P^ : f^ x {-1, 1} ^ R by setting 

P,(w,-l):=logC(r,r_ic^)-A(r) and P,(c^, 1) := - logC(r,co) + A(r). 

Then, recall (|4.3p and see that 

(4.5) dM«(w, z) = T^A^. z)0^(w)dP(w) = d(Ai5)^(w)7r(0, ^)e-^^('-)+^^(-'.^)+'- 

for z G {—1, 1}. Li order to conclude that /ij fits the Ansatz given in Lemma [I] P^ G /C needs to be shown. 
Fj. clearly satisfies the mean zero and the closed loop conditions in Definition [21 For z G { — 1, 1}, 

7r(0, z)e-^^W+-^"('^'^)+'' = 7r^(cj,z) < 1 

gives Pr(ct', z) < I log7r(0, z)\ + zX{r) — r. Use the fact that —Fr{uo, z) = Fr{TzLo, —z) to write 

|P,(o;, z)\<\ log7r(0, 1)| + | log^(l,0)| + |A(r)| - r. 

The moment condition on Fr{-, z) follows from (Al). 

So far, we have obtained a ^^ that fits the Ansatz given in Lemma [1] when S, G (^c, !)• An analogous 
construction works for ^ G (— l,^c)- 

Proof of Theorem\^for nearest-neighbor walks on Z. For any ^ G (^c, 1), the measure /i^ given in (|4.5p is 
the unique minimizer of (|1.6p by Lemma [H Therefore, /(^) = ^(/ij) = r(^) — C'^(r(^)) by (|3.2p . Since 
'^^'(''(0) = C"\ it is clear that 

I{i) = sup{r - ^A(r)} =. Csup {rC"' - A(r)} = ^\*{C^). 

rGR rGR 

In the proof of Lemma [2] for nearest-neighbor walks on Z, we saw that r ^-^ A(r) is strictly convex and 
analytic on (— oo,rc). By convex duality, ^ 1— » /(^) is strictly convex and analytic on (^c, 1)- 
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If £,c = 0, then we have identified /(•) on (0, 1). Let us now suppose ^c > 0. Note that 
I'iO = ^[KO - ^KHO)] = r'iO Hm) ^A'(r(e))r'(C) = -A(r(e)). 
Therefore, I{^c) ~ ?c^'(Cc+) — ^c- This imphes by convexity that /(O) > r^^ On the other hand, 

OO OO CX3 

E^^Y''\Ti < oo] = ^e'-'=^P„"(Ti == k) <^e'-''P^{Xk = I) < ^ e('--f(°»'^+°('=) < oo 

fe=l fe=l A;=l 

for any r < /(O). Hence, Tc — I{0)- The equahty /(^c) — Cc-f'(Cc+) = /(O) forces /(•) to be affine hnear on 
[0,£,c] with a slope of /'(^c+)- In particular, ^ h^ /(^) is differentiable on (0, 1). 

Still supposing ^c > 0, fix ^ e (0,^c]- Then, j;: {r — CA(r)) > for every r < Vc- Therefore, 

sup {r - (\{r)} - r, - ^X{r,) = /(O) + ^l' {(c+) = /(O- 

In short, /(^) = sup^g^ {r — ^\{r)} for every f G (0, 1). 
Let us no longer suppose ^c > 0. At ^ = 1, 



sup{r- A(r)} =supE[r-log£;ne''^\ri < oo]] = lini E -log^^ 

rSK res. r^-oo I 



e'''"i-i\Ti<oo 



= E [- logF„" (n = 1)] = E [- log7r(0, 1)] = - lim i logP„" (X„ = n) = /(I). 

n — 'OO ii 

It is easy to check that /(^) = sup^g^ {r — ^A(r)} = cx) when ^ > 1. This concludes the proof of Thcorcm[2] 
for 1^ > 0. The arguments regarding ^ < are similar. D 

5. Walks with bounded jumps on Z 

Recall the statement of Lemma [2] We start this section by constructing a new (tilted) environment kernel 
TTr for every r < re- We then prove that r i— > A(r) exists and that it is differentiable on (—oo, re). At that 
point, we note that if there exists a 0^ G L^(P) such that 4>r dP is a TTr-invariant probability measure, then 
li(^ e Mi(r2 X TZ) with d^^{uj,z) = TTr (w, 2:)0r(w) dP(a;) fits the Ansatz given in Lemma[T]for ^ = {X'{r))~^. 
We proceed by constructing such a (pr- Finally, we prove Lemma [21 Theorem [2] and Proposition [T] 

Remark 4. Some of the notation (e.g., (^{r,uj),rc,TTr,4'r o.'^^d Fj.) introduced in SectionY^is reintroduced in 
Section\^in a slightly different way. This is done in order to emphasize the fact that the arguments in these 
two sections are parallel. Note that this practice does not cause any confusion since Sections[^and\^can be 
read independently of each other. 

Many of the arguments in this section use the following lemma. 
Lemma 8. Given m £ Z and e > 0, suppose there exist two functions L : ((— oo,to) n Z) x 7?. — > [0, 1] and 
t) : Z ^ M such that L{y, ±1) > e, J2zgtz ^iv-i z) = ^ and v{y) = J2zen ^iv-i ■^)''^iy + •^) /•-"" '^'^2/ y < m. The 
function L defines a Markov chain and, for any x < m, induces a probability measure Qx on paths starting 
at X. E^ denotes expectation under Qx. 

If Qx{Tm < oo) = 1 and x' < x, then 



(5.1) \v{x) — v{x)\ < \V — e ) "^ sup [w(r7i + z) — u(?tt, + z')] . 

0<z<B 
0<z'<B 

Proof. Fix x' < X < m. For any fc > with x + {k + l)B < m, 

B-l 

v{x') - E^, [v (Xr^^,,)] = Y, Q-' (^r.+.B ^x + kB + z)v{x + kB + z) . 

2 = 

There exists an Xfe € Z such that x + kB < Xk < x + {k + 1)B and v{xk) < v{x'). The collection of x^'s 
constitute a set S := {xk : < k < ^^2^ — i|. Let ts := inf {fc > : X^ e S}. Observe that 

V{X) = EQ [v {Xrs;.rJ] = eQ [v (X^s) , Tg < oo] + E^ [v (X,„ ) , Ts = oo] 

< QxiTs < oo)u(a;') + Qxirs = oo) sup v{m + z) 

0<z<B 

= v{x') + Qx{ts — oo) I sup v{m + z) — v{x') 

\0<z<B 
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On the other hand, v{x') — E^, [v (Xr^)] > infQ<z'<B v{ni + z'). Therefore, 

v{x) — v{x') < Qx{ts — oo) sup [v{m + z) — v{m + z')] 



0<z<B 
0<z'<B 



It is easy to see that Qx{ts = oo)<(1 — e^) ^ . This proves half of (|5.1|) . The other half is proved 
similarly. D 

5.1. Construction of a new environment kernel Wr. Recall our assumptions: 

(Al) There exists an a > such that / | log7r(0, z)|^+"dP < oo for each z e TZ. 
(A2) There exists a (5 > such that P(7r(0, ±1) > (5) = 1. 

Let C{r,^) := E^ [e'"'^S n < oo] for any r e R. li ({r,uj) < oo, then 

C(r,w) = Y^ TT{0,z)e'^E'^ K^'S n < oo] > 7r(0, -l)e'^^:^i [e'^^S n < oo] 
zeTZ 

> Se'' {E'^i [c'^^i , n < oo, Xr„ > 1] + E':!^ [e''^^ , n < oo, Xr„ = 0]) 

= Je"" (E'^i [e''^°, To < oo, Xr, > 1] + E'^^ [e""^", r^ < oo, Xr, = 0] E'^ [e''^i, n < oo]) 

> min(l,C(r,w))(5e''C(r,T_iw). 

Therefore, {lo : C(r, to) < oo} is T-invariant, and its P-probability is or 1. The function r i— > (^{r, lu) is strictly 
increasing. There exists an re > such that P {uj : C{r, uj) < oo) = 1 if r < Tc and P (w : C(r, lu) — oo) = 1 if 
r > Tc- When r < r^ 

K [e''"\ri < oo] > i;^ [e''^\Xi = -1,^2 = 0, n < oo] > {Se'^fE'^ [e'-"\ n < oo] . 

This shows that 6e^ < 1 and re < — log (5 < oo. For r < Vc and n > 2, 

B 

E^ [e'^^" , r„ < ^] = ^ E^ [e'-^i , n < oo, X,, - z] E^ [e"-^" , r„ < oo] 

z=l 
B 



J2 K K"^ , n < w, X,i = z] Ej'-^ [e''^— , T„_, < oo] 



2 = 1 



By induction, F {uj : E'^ [e''^",T„ < oo] < oo) = 1. 

From now on, consider r < r^. For x < n, note that 



i;^[e'^"",r„<oo] ^ , i;g^+,[e'-"",r„<cx)] 

Mr n(w, iC) : = — — 1^ 7 = > TTlX, X + z)e r- 

'^ ' £-[e--",r„<oo] t^ ^ ' ^ £;S'[e'^"^^n<oo] 



zSTJ. 



= 2^, '^{x, X + z)e''Ur^n{^, X + z) . 



zeTZ 

(5.2) 1 = y^ tt{x, X + z)e''^-^ — j — =: y^ tt^ „(x, a; + z) 

zen ' ^ ' ' zeTZ 

defines a new (random) transition kernel 7Tr,„(a;,a; + z) for x < n. It is clear that the jumps under Tr^^n are 
bounded by _B. If a; < y < n, then 

E^ [e'-^" ,Tn<^]>E^ [e'-^" , Xi = y - 1, . . . , Xy_, = a:, t„ < oo] > ((5c'^)^-^£;^ [e"^^" , r„ < oo] . 

Similarly, E^ [e'^^",T„ < oo] > ((5e'')2'"^£;^ [e''^",T„ < oo]. Therefore, 

(5.3) (<5e'-)l2'--l < ^^^:4^< (^eO-l^""!. 

Ur,„(a;,a;) 

Putting (|5.2p and (|5.3p together, we obtain the following ellipticity bound: 

(5.4) P (7rr,„(a;, x ± 1) > ((Je'')^) = 1 for every x <n-l. 
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Lemma 9. If < x < n + B, then ((5e'^)4(s-i) < Ur,n{i^,x)E^ [e'^^^ r^^ < oo] < (5e'^)-4(s-i) forP-a.e. uj. 
Proof. Suppose < x < n — B. Observe that 

Ur niUJ, X) — — : r = — : r > -C/„ 6 , T„ < CXD, A^- — X + Z\ 

B-1 



S-+,[e'--",r„<^] 



= y E^ [e-^ r, < oo, X,^ = X + z] "g+V .'»--- 

B-l 

(5.5) =^£;^[e'^^^T, <«),X,^ 






Ur,ri{LLl,x) 

It follows immediately from (|5.3p that 

(5.6) (,5e'^)(^-i) < u,,„(c^,:r)£;^ [e-^^r, < oo] < (<5e'-)-(^-i). 

Next, suppose n — B < x < n. Note that (|5.5p still holds. li x + z < n, then 

(5.7) (fe'-)(^-i) < "'•■"^'';'' + ^^ < (5c'-)-(^-i) 

Ur,ri{uj,X) 

again by (|5.3p . On the other hand, if x + z > n, then 

Ur,n{i^, x + z) _ E^^^ [e""^" , r„ < oo] _ 1 



Mr,«(w, x) E^ [e'-^" , T„ < oo] E^ [e--^" , t„ < oo] ' 
However, for any m > n + B, 
(5.9) (fc'-)2(^-i) < (^Se^)iB-i) UrM^,n) ^ 1 ^ (B-i) U„n{u^,n) ^ ^(s-i)^ 

Ur^rn{0J,X) £;;^ [e'''^" , T„ < Oo] Ur,m((^,X) 

In (j5.9p . the inner inequalities follow from (j5.6p after an appropriate change of variables, and the outer 
inequalities hold by (|5.3p . Use (|5.5p in combination with (|5.7p . (|5.8p and (|5.9p to deduce that 



(5.10) ((^eO'^"""'' < ti,.,„(c^, x)E'^ [e'-^== , r, < oo] < (<5e'-)-2(s-i) . 

If a; = n, there is nothing to prove. Finally, suppose n < x < n + B. It is easy to see that 

Tpu> I rr^ T < ool 1 

E^ [e'^^" , r„ < oo] Ur^^ (uj, n)E^ [e'^^" , t„ < oo] 

Reversing the roles of x and n in both ()5.9p and (IS.lOp gives upper and lower bounds for the terms on the 
RHS of ([5?TT|) . This impHes the desired result. D 

In order to indicate the oj-dependence of Ttr^m the probability measure it induces on paths starting at any 
a; < n is denoted by Q"''^. 

Lemma 10. For every x < n and P-a.e. lu, Q"''^{Tn < oo) = 1. 

Proof. For any path {xj)o<j<k with Xq = x, Xj < n and Xj-f-i — Xj G TZ, it follows from (|5.2p that 

Qr(^i = XI, . . . ,Xfc = xfe) == P-(Xi = a;i, . . . ,X, = ^^)e>-fc ^'-."(^'^fe) 

Ur,«(w,a;) 

Also, note that F^ (Xt„ > n | r„ < oo) = 1. Therefore, 

Q--(r„ < oo) = i;-[e- "-'"7^-;\ r„ < oo] = E-[e^^'^ g-/^^ \ r„ < oo] = 1. D 

Lemma 11. For every x, z £ Z and P-a.e. uj, Ur{oJ, x) := lim„^oo Ur,n(w, x) exists and 
(5.12) (5e'-)l^l < UriT^co, z) = "''^'';'' + ^^ < (Je'T '^^ 
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Proof. Given a; S Z, take any ni,n2 G N such that x < ni < n2. For every y £ 'L with ni < y < ni + B, 
Lemma |9] imphes that 

Ur^nA^,y) 

Since TTr,ni is defined in (|5.2p via a Doob /i-transform, it is not surprising that 

E U.r.„2{uj,X + z) ^-^ Ur^m{^,X + z)Ur^n2{'^,X + Z) 

i:r,m[x,x + z) — '■ — ; — - = > ■K{x,x + z)e 



zeK 



Ur^nii^,X + z) ^ ■' Ur^nA^yX) Ur^nii^,X + z) 



= y 7r(x, X + z)e' 



Therefore, Lemma |H] imphes that 



1/B 






Ur,rL2{^,x) Ur,„2(ci;,0) 



.Mr,„2(a;,a; + z) 
Ur,mioj,x) 



Ur^nA^^x) Ur,ni(w, 0) 



<c(r)"i-l^l((5e'-)~^'^~^^ 



where c(r) := I 1 — ((5e'') ) < 1. Substitute y = in (|5.3[) and conclude that 



|ur,„2(w,x) -Ur^m{^,x)\ = Ur,„i(w,a;) 



-Ur,„2(w,a;) 



Ur,ni('^,a;) 



<c(r)"i-l"l(5e'')"'^''"'^"'"'. 



In particular, (Mr,n(w,a;))j^^^ is a Cauchy sequence. Therefore, Mr(w,a;) := lim„^oo '«r,n(w,x) exists. 
For every x, z E Z, and P-a.e. w. 



(5.13) "'■(":^ + ") = hm 



Ur,„(w, a; + 2) _ ^._ ^^+3 [e''^", r„ < 00] _ ^._ E^-'^ [e''^— , r„_^ < 00] 



= lim ■ 



= lim ■ 



= Ur{TxU},z). 

Finally, note that the inequalities in (|5.12p follow from (|5.3p . 



D 



Definition 3. For every z E TZ and P-a.e. uj, let 

(5.14) Ttr{^,z) := 7r{0, z)e'^Ur{uj,z). 



It follows immediately from (|5.2p that tTj. : fi x 7?. — ^ [0, 1] is an environment kernel in the sense of 
Definition [1] For every a; G Z, in order to simplify the notation, P^'^^'^, i?^'''", P^"^ and E'J'' are denoted by 
P^^'^,El;'^,P^ and E^, respectively. 

Lemma 12. For every z E TZ and P-a.e. uj, 

(5.15) 7r^(w,z) > (5e'')l'^le''7r(0,z). 
In particular, tt^ satisfies the following ellipticity condition: 

(5.16) P (uj : Ttr{uj, ±1) > {Se^'f] ^ 1. 

Proof ([5?T^ and ((5H)l imply ([5?T5)) which gives (|57TC)) since (A2) holds. D 



Lemma 13. For every n> 1, Po(t„ < 00) = 1. 



18 



ATILLA YILMAZ 



Proof. Recall the proof of Lemma [TOl For every n > 1 and P-a.e. uj, 



B-1 



y E^ [e'"^" , Xr„ — n + z,Tn < oo] Ur{u>, U + z) 



z=0 



lim > E"^ [e""^" , Xr^ = n + z, t„ < cxo] Ur.m{^, n + z) 

z=0 
lim _E" [e'"'^"Ur,m('i^,-'^r„),T„ < oo] 



S" 



lim 



eTT^E'^^^ [e''^™,r„ < cx)] ,T„ < c» 



^;^[e'^"'",T™<oo] 



= lim ~ 1. 

m^ixj £;^ [e'"^",Tm < CxoJ 

Lemma 14. i^or every m > 1 and P-a.e. w, 



D 



(5.17) 



e:^- [rn < 



-(fe 



r\-2B 



Hrn{r). 



{re - rY 

Proof. It follows from dO]) and (EH) that £;;;' [e'^^Sn < oo] < ((Se'')"^ for P-a.e. w. By the monotone 
convergence theorem, this bound holds for r = Tc as well. Note that 



e: 



^(rc-T)Ti 



e: 



g(r.-r)ri^^^ < OO 



= E^[e-^^'Ur{uJ,Xr,),T,<^] 



< E'^ [e'''^^i((5e'-)-«,Ti < oo] < {Se'^)-^{6e''')-^ < {Se'')-^^ . 

Here, Lemma [13] and (j5.12p imply the first equality and the first inequality, respectively. For every m > 1 
and a G IR+, e'^ = V!" n 4 > ^- Therefore, 

{re - rY 



-^El'- [r{^] < E:-- 



^(rc-r)Ti 



< ('^e'-) 



-2B 



D 



Lemma 15. ForF-a.e. uj. 



lim -E:'" [t„] = E 

n— >oo 71 



hm Pr(X,„=0)£;r[n] 



X — > — OO 



=:3W- 



\2B 



l/B 



Proof. Let c(r) := 1 1 — ((5e'') 1 < 1. For every n > 1 and P-a.e. w, 

n n 

i=l i=l 

^ E (.1!-..^"" (^-- = * - 1) + c(r)-i) i?[- [n] 

= ^f hm P^^^^~^-{Xr^=0) + c{rY-')E:^^'-^-[n] 



(5.18) 



4 = 1 

Hi{r 



^f^ + E 1™ P-^--(x.„ = o)£;-^---[n] 

1 — C r) ^ — ' x^-ca 

where (|5.18p and the existence of limj;^_oo P^:'^ {Xr^^ = i — l) follow from Lemma[51 Therefore, 



lim sup -£:;;'" [t„] <e 



lim p;^-(x,„ = o)ii;;^-[ri] 



by the ergodic theorem. The proof of the other direction is similar. 



D 
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5.2. Differentiability of r h^ •^(^)- For every r < Tc, n > 1 and P-a.e. w, let 

A„(r,w):=log£;ne''"",T„<oo]. 
Lemma 16. For every r < r^ and P-a.e. lo, 

A(r) := lim -A„(r, cj) = -E [logMr(-, 1)] . 

n—>-oo 11 

Proof. It follows from LemmalHthat (fe'')4(-B-i) < Ur{uo,n)E'^ [e''^",r„ < oo] < (fe'')-4(s-i) for every n > 1. 
Therefore, 

lim ( - log Ur{uj,n) + - log E"^ [e'^^" , r„ < cx)] ) =0. 



However, by (|5.13p . 



n-l , ■ I i\ "-1 

.{Uj,n) = II ^— = ||M^(r,;W, 1) 

«=0 "H'^'^i ,=0 



Hence, it follows from the ergodic theorem that 
lim - logE'J;' [e*"^", r„ < oo] = - lim - logu^C^, ?i) = - lim - T^ log ^^(T'iW, 1) = -E [logUr(-, 1)] . D 

n — >oo fi n — *oo ri n — ^co fi -*- — ^ 



n-l 



i=0 



In this subsection, we prove that r i~> A(r) is differentiable on (—oo, re). For that purpose, we first obtain 
certain bounds on X'„(r,uj) and A^(r, w). These bounds are given in the next two lemmas which involve the 
function 

G(w) := inf 7r(-l-z',-l) inf 7r(-l,z). 

l<z'<B 0<z<B 

For every t7,>1, 0<z<i3 and P-a.e. lu, note that 



pp" {Xr„ ^n + z)> P;-" {Xr,^_, ^n-1, Xr,^ ^n + z) 

> inf TTr{Tn-l-z'(^,z')Trr{Tn-lOJ,Z+l) 
l<z'<B 

>{de''f^e^'' inf tt {n - 1 - z',n - l)TT{n - l,n + z) 



l<z'<B 



(5.19) 

> (5e'')2^e2'-G(T„w) 
where (|5.19p follows from (|5.15p . 
Lemma 17. For every r < r^ n > 1 and P-a.e. u, 



(5.20) 

is satisfied with 
Wi{r) 



\XUr,u;)-El--[T^]\< 



Wijr) 
G{T^Lo) 



((5e'-)~'^e"-^'-i?i(r)c(r) 



l-B 



1 - c{r) 
Proof. For every r < Tc, n > 1 and P-a.e. w, 



i/i(r) 05 in (5Jl\) , and c{r) := (l - {Sc^f^) 



l/B 



< 1. 



Therefore, 

(5.21) 



e:'' 



^^[r„e''"",T„<oo] 

£;^[e'--",T„<oo] ^r. 



TnUr {u1,Xt-J 



J2z=o ^o'" [■^"7 -''^r„ =n + z]ur{uj,n + z) 



Ur {UJ, Xr,^) ^ Y.z=a Po'^ i^r^ = U + z) Ur {uj , U + z)' 



inf £;„^^-[t„|X,„ -n + z]< A;(r,c^) < sup ^^'^ [t„ | X,„ - n + z] 

0<2<S 0<z<B 
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If 1 < i < n and Q < z < B, then 

B-l 

e:;'^ [n - n-i,Xr^ =n + z] = Y, K'" in - n-i,Xr, =i + z', X,„ =n + z] 

z'=0 

= E ^o'" [^» - r,^i,Xr, = I + A P[f^, (X,„ = n + z) 

z'=0 
B-1 

(5.22) < E E:'^ [n - r,„i , X,^ = z + z'] (p;- (X,„ = n + z) + c(r)"-(^+-') 

2'=0 

(5.23) < E^'^ [n - T,_i] (p;'- (X,„ = n + z) + c(r)"-('+(^-i))) 
where (15. 22^ follows from Lemma [H Recall Lemma [Ml and see that 

n 

El'^ [t„ I X,„ = n + z] = E S„^''^ [r, - t,_i | X,„ = n + z] 

4=1 

'P;^'^ (X^„ = n + z) + c(r)"-(^+(-^-i)) 



< 



E^o''^[^ 



P:^"^ (X^„ =n + z 



P;-" (X,„ = n + z) 

n 

-Ec(r)"-('^+(^-i»i?r[r.-r,.i] 



i=l 



< i?:'" [r„] + ^^'!3;^ ^, E c(r)^-^i?:'^''-- [n] 



E^(^ 






((5e'-)-^^e-^''gi(r)c(r)i-» 

(1 - c{r))G[Tn^) 
Wi{r) 



]J-B 



G{TnUj) ■ 

This bound, in combination with (|5.2ip . impUes that 

XUr, Lo) - El'- [r„] < sup El^^ [r„ | X,„ = n + z] - E^'^ [t„] < —^ 
The proof of the other direction is similar. D 

Lemma 18. For every r < re, n > 1 and P-a.e. u), 
f^OA^ X"l ^^ ( ^i(0 ^' ^ W^2(r) + 2gi(r)l¥i(r) 

is satisfied with 

Hi{r) and H2{r) as in {5.11^, and Wi{r) as in LemmaVT^ 
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Proof. For every r < r^ n > 1 and P-a.e. w, 



A:;(r,c.) 



^o [^ne-",r„<oo] 



{K{r,^)f = 



e: 



T^Ur iuj,XrJ 



El^^ 






Ur (w,Xt-,J 



-(AU^^)f 



(5.25) 



< sup K'" [r^ I X,„ = n + z] - (A^r, c^))' 

0<z<B 



— -(A;(r,c.)r 



If 1 < i < j < n, then 

= £;;■- [in - n-i){T, - r,-i),x,^_, - j - i] 

= £;;'- [r,: - n-,,Xr,_, =3-1] E;^, [t,] 
(5.26) < i?:^- [r,; - r,_i] [pr{X^^_, = j - 1) + c(r)(-'-i)-('+(^^i))) i?}^" [r,] 

< ii;^ [r. - r,_i] i?:'- [r, - r,_i] + (//^(r))^ c(r)(^-i)-(*+(^-i)) 



where (IPS)) foUows from ((05)) . 
If < z < S, then 

E:;'^ [in - r._i)(T, - r,_i), X,„ - n + z] 

< E:^- [in n-i)ir, r,_i)] (P;- (X.„ = n + z) + c(r)"-(^+(^-i))) 

< (ii;:^- [r, - r,_i] i?:'- [r, - r,_i] + (^^(r))^ c(r)(^-i)-(^+(^-i))) P^-^ (X.„ = n + z) 
+ (i?i(r))' (l + c(r)(-'-i)-(*+(^-i))) c(r)"-(^+(^-i». 

Therefore, 

E:^-[T^,\Xr^=n + z] 

n j-1 

Xr,, = n + z] + 2 ^ ^ El-'^ [ in - n-i) (r, - t,-i) | X,„ = n 4 



= E^o'"f(^»- 



Ti-lJ 



< 



niJ2 ir) 



< 



p;-" (X^„ = n + z) 

n j-1 

2(^iMfEE 

nH2ir) 
P^'^ iXr,, =n + z) 

, HHiir)f 

^ P;-" (X,„ = n + 2) 



n J-1 



c(,)0-i)-(^+(s-i)) + ^ 



c(?-) 



n-{j+{B-l)) 



Po'"" (Xr„ = n + Z) 



(l + c(r)(-'-i)-(*+(^-i))) 



+ {E'o'^ [rn]r 



,(^)-(S-i) n-c(r)-(^-i) 71 • c(r)-2(s-i) 



1 — c(r) 1 — cir) 



1 - c(r) 



Pl^'^ iXr^ =n + z) 

r\-2B„-2r 



i?2(r) 



6(i/i(r))'c(r) 



-2(S-1) 



1 - c(r) 



<(i^rN)V^^^^S^f^.w ■ «(^^«)^^w-^'"-^' 



G(T„w) 



1 - c(r) 
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Recall the bounds in (|5.20p and (|5.25p . and conclude that 

\l (r, c.) < sup El^- [tI I X.„ - n + z] - (A; (r, u:)f 

Q<z<B 

= sup El^- [tI I X.„ = n + z] - (i?:^- [r„])^ + {{El^^ [t„])2 - (A^r, c.))') 



< n 



( W2{r) 
\G{T,,Lo) 



Wi{r) \ Wi{r) 



2nHi(r) . . 

G{T„u;)J G(TnUj) 

W2{r) + 2H^{r)Wi{r) 



\G{TnOj)J • '^\ G{T,,uj) 

Lemma 19. r i-^ A(r) is differentiable on (—00, Tj,) with 
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A'(r) = g{r) = 



hm P:'-{X,^=Q)E:'-[t,] 



X — * — 00 



Proof. Assumption (Al) implies that P(w : G{uj) > 0) = 1. Therefore, P(cj : G{uj) > e) > 5 for some e > 0. 
For P-a.e. lo, there exists a sequence {nk)k>i — (f^fe(^))fe>i of integers such that G'(T„j.(jj) > e. (This follows 
from the ergodic theorem.) For every r < r^, k > 1 and P-a.e. w, 



KAr,cu) £;r K]| < 7^% < e-'W,ir) 



G{T^,uj) 



by (jOO)) . Thus, 



hm —K,^{r,u) = hm —El'^ [r„J - ,g(r) = E 



hm p;^-(x,„ = o)£;r[ri] 



where the last two equalities follow from Lemma [T51 

Given any r < r^ pick ri, r2 € M such that ri < r < r2 < re- For P-a.e. oj, note that 

sup — A' (s,w)< sup (i/i(s)H e~^l^i(s) ) < 00. 

fc>i fc>i 

Therefore, the bounded convergence theorem implies that 

A(r)-A(ri)= lim — {Xn^{r,uj) - Xn^{ri,uj)) ^ lim / — A' (s,w)ds= / g{s)ds. 

k^oc Uk k^ooj^^ Uk 

It is easy to see that g{-) is Lipschitz continuous at r since 

sup — X''(s,uj)< 00 

ri<a<.2 Uk 
k>l 

by (I5.24p . The desired result follows from the fundamental theorem of calculus. 

5.3. Verification of the Ansatz. 

Lemma 20. For every r < r^, 

PI ( lim ^ = A'(r)) = 1. 

Proof. For every r < r^ s < re ~ r and P-a.e. w, 

lim - log^;;^"^ [e"^"] = lim - logE'^ \e^''+''>''"Ur (w,X^J ,t„ < 00 



D 



lim — log -Eg 



^(r+s)T„ 



r„ < 00 



-f- lim —\ogUr{uj,n) 
n-^00 77, 



= A(r + s) - A(r) 
where the last equality follows from Lemma [TBI 
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For every e > 0, a standard application of Chebyshev's inequality shows that 

limsup - logP;^"' (— - A'(r) > e) < limsup - logS^''^ [e"^"] - s (A'(r) + e) 

= X{r + s) - A(r) - s (A'(r) + e) < 
when s > is small enough. Similarly, 

> ej < 0. 

Since e > is arbitrary, the Borel-Cantelli lemma implies the desired result. D 

Lemma 21. F,. : f7 x 7^ ^ M, defined by Fr{LU, z) := logUr{uj, z) + zX(r) for each z ^TZ, is in class /C. 
Proof. For each z ^ TZ and P-a.e. uj, 

\Fr{uj,z)\<\\ogUr{uj,z)\ + \zXir)\<B{~\og{6e'^) + \X{r)\)<^. 

Therefore, Fr satisfies the moment condition of Definition [3 The closed loop condition follows immediately 
from ^J^. Finally, if 1 < z < B, then 



limsup - logP;^'^ f — - A'(r) < -e) < and limsup - logP^''^ ( I^ - A'(r) 
ri^oo n \ n I n~>oo n \ n 



, ^OgUr[L0,z)] = E 



\0g[\[ur{T,UJ,l) 



z-1 



= ^E[logM,(T,c^,l)] = -zX{t 



(The case —B < z < — 1 is similar.) Hence, F^ satisfies the mean zero condition as well. D 

It follows easily from Lemma [SD] that the LLN for the mean velocity of the particle holds with limiting 
velocity {X'{r))~^. If there exists a 0^ G L^{P) such that (f)rd¥ is a TTr-invariant probability measure, then 
fi^ e Ml {n X n) with 

(5.27) d^^^{uJ, z) := ^,(cj, z)M^Wiuj) = 7^(0, z)e^"^('')+^'-("'")+'-(/.,(w)dP(w) 

fits the Ansatz given in Lemma [T] for ^ = (A'(r))^^. The existence of such a. (j)r is & corollary of the following 
general result which completes our construction. 

Theorem 4. Suppose d = I. If an environment kernel tt : Q x TZ —^ M+ satisfies P(cj : tt^lo, ±1) > e) = 1 
for some e > 0, and if EJ^[ti] < oo, then the following hold: 

(a) ^{w) := lim,^_^ E*-'^ [Y,Zo ^x,=o] > e^ exists for P-a.e. to. 

(b) <^GLi(P). 

(c) Q e Mi{n,), defined by dQ(w) := ( l/||'/'|lx,ifp) ) '/'('^)dP((^), is tt -invariant. 



Remark 5. Bremont [2 also shows the existence of a it -invariant probability measure Q <$^ ¥ in the case 
of ballistic random walk with bounded jumps on Z. However, his argument is not elementary, assumes a 
stronger ellipticity condition, and does not provide a formula for the density. Rassoul-Agha [I'd] takes an 
approach similar to ours, but resorts to Cesaro means and weak limits instead of showing the almost sure 
convergence in part (a) of TheorenriYA and assumes that the so-called Kalikow condition holds. For the related 
model of "random walk on a strip" , Roitershtein [15 shows the existence of the ergodic invariant measure. 
R is easy to see that the natural analog of our formula works in that setting. 

Proof of Theorem^ Consider the hitting time Vo := infj/c > : Xk ~ 0}. For every a; G Z and w G il, let 

il^{uj, x) := P*'"(V"o < c»). If a; 7^ 0, then 

■0(w, x) = '^ tt{TxU!, z)ip{u!, X + z). 

zG'R. 

The function (t){uj,x) := E'!^''^ [J2'k'=o '^Xk=o] clearly satisfies 0(a;, a:) — (f>{Lj,0)'ip{uj,x). Hence, 

0(cj) := lim (J){lu,x) — (J){ll},0) lim il){uj,x) 

X — ^ — OO X — > — C30 

exists for P-a.e. ui by Lemma [8l The ellipticity condition implies that P (tj : (f>{cj) > e^) = 1. This proves 
part (a) of the theorem. 
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Let US now show that cj) S L^{V). For every n > 1 and P-a.e. uj, 



n-l 






E ^^'■^o 



.fe=0 



= E hm ii;*^^ 

■*— ' x — > — no 



El 

.fc=0 



Xk=i 



= hm ^*'" [#{fc > : Q<Xk<n~l}] 

X — > — OO 

< hm Ep^ [t„ - To] + hm Et-^ [#{fc > t„ : X^ < n - 1}] 



a; — > — OO 



X — >■ — OO 



hm Ep^ [t„ - To] + hm E^'^-^ [#{fc > t„ : X^ < -1}] 

' ■ -" X — ' — OO 



X — > — OO 



(5.28) 



< hm ^*'" [r„ - To] + sup Et'^"^ [#{k >Q: Xu< ~l}\ 

x-*~oo 0<z<B 



Here, # denotes the number of elements of a set. If < z < S, then 

Ep^ [#{fc > : Xfc < -1}] = Ep'^ [#{fc > : Xfe < -l},f_i < ^] 
-1 
= E ^*" (^"1 < ^' ^--1 = ^') ^*" t^i'^ > : Xfe < -1}] 

z' = ~B 
-1 

< oo,X^_, - z') [e^ [to] + -B*;" [#{fc > To : Xfc < -1}; 



= E ^*"(^-i 



< E ^*" (^-1 < oO'^^-i = ^0 ( ^*'" [^o] + S'iP ^r-" [#{^ > : Xfc < -1}] 

3' = -B V 0<z"<B ^ 

< P;^" (f^i < oo) ( sup i?:;"[To]+ sup 4r[#{fc>0: Xfc<-1}]). 

\-S<z'<-l 0<2"<S 7 



Therefore, 



sup El'^ [#{fc > : Xfe < -1}] < 



supo<3<B^^'^(-r-i < oo) 



0<z<B 



1 - SUPo<^<B Pf '"(t_i < oo) / -B<z'<-1 



sup £;,";" [To] =: i?(a;). 



Since P (w : D{uj) < oo) = 1, there exists a C < oo such that P (w : P'(w) <C) > \. For P-a.e. w, there 
exists a sequence {nj)j>i = (nj(w))j>i of integers such that D{Tn-Uj) < C. (This follows from the ergodic 
theorem.) By (|5.28p and the ergodic theorem, 



rij-l 



1 1 

■^ z— -^ 

= hm - hm E ^*" [^'+1 - ^^] ^ 1"^ - E ^o '"^'^ [^i] = ^o [^i] < °«- 



i=0 



This proves part (b) of the theorem. 

For every x ^Q and P-a.e. w, note that 



E^: 

zeTZ 






E = 

.fe=0 



Xk=0 



^(T_,w,z)=E^*'' 



i=0 



E^- 

.fe=0 



Xk = -z 



7r(T_^w, z) 



E^^''+i=o 



.fe=0 



K 



E^ 

.fc=0 



Xk=0 



Let a; ^ — oo and conclude that 



This proves part (c) of the theorem. 



E 4'{T-zU!)n{T_zUJ, 



z = w . 



zGll 



D 
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5.4. Explicit formula for the rate function. 

Proof of Lemma\M For every r < r^, n > B + I and P-a.e. w, 

(fe'')i?„" [e'-^Sn < oo] < UrA^,l)E^ [e'-^Sn < oo] < {Se'^)-^''-'^ 
where the first and the second inequahties follow from (|5.3p and (|5.6|1 . respectively. Thus, 

pL-.E^ K^'S n < oo] < (Se'-y^) = 1 

for r < Vc, and also for r = re by the monotone convergence theorem. Lemma [16] and ()5.12p are clearly valid 
for r < Tc, and 

A(r) := lini -log^;^ [e''^",T„ < oo] = -E [logu^(-, 1)] < -log(fe'') < oo. 

Suppose r > Tc- Then, E"^ [e'"^S ti < oo] = oo for P-a.e. uj. For every n > B, 

B 

E^ [e'-^" , r„ < oo] = ^ E^ [e^^^ , n < oo, X^, = z] E'^ [e^^- , r„ < oo] 

z=l 
B 



> ^ £;„" [e'-^S Ti < OO, X,, - z] (<5e^ 



> S;;- [e'-^i , ri < oo] (Je'')""^ == oo. 

Therefore, A(r) := lim„^oo - logi^o [e''^", Tn < oo] = oo. This proves that r >-^ A(r) is (i) deterministic, and 
(ii) finite precisely on (— oo, rd- Note that < Tc < — log (5 < oo. 

The function r h^ A(r) is differentiable on (—oo, re) by Lemma 1191 Suppose there exist ri < re and 
^2 < re such that A'(ri) = A'(r2). Then, for r = ri, the measure /ij (defined in (|5.27|) ) fits the Ansatz given 
in Lemma [1] for ^ — (A'(ri))^^. The same is true for r — r2. However, such a /i^ is unique by Lemma[T] 
Therefore, ¥ (lu : Mri(w, 1) = Ur^ii^, 1)) = 1, A(ri) = A(r2) and ri = r2. This proves that r i— > A(r) is strictly 
convex on (— oo,rc). 

For any r < r^ Lemma [501 says that P^ (lim„^oo ^ = A'(r)) = 1. The function r i-^ A'(r) is strictly 
increasing and the jumps of the walk under P^ are bounded by B. Therefore, S,^^ — A'(rc— ) > A'(r) > B~^. 
We have proved half of Lemma [21 namely the statements involving r i—>- A(r). As usual, we leave the proof 
of the other half to the reader. 

What remains to be shown is that the same Tc works for A(-) and A(-). This is proved in Appendix C. D 

Proof of Theorem\^ For every r < r^ 

(5.29) A(r) = hm -^ log E^ [e"-^"^ , t^b < oo] > lim ^ log E^ [e''^"- , X„+i = nB] 

(5.30) > lim -^ log (e™-l-lp- (X„+i = nB)) = p-^ {r - I{B)) . 

In (j5.29p . Xn+i is used instead of Xn in order to avoid problems when P is not ergodic under Tb (e.g. when 
the environment is i?-periodic.) The function r >—>■ A(r) is strictly convex and differentiable on (—oo, re) by 
Lemma[l Since A'(r) > B"\ ([OP)) implies that lim^^-oo A'(r) = B^^. 

For every ^ G {£^c,B), there exists a unique r = r(^) e (—oo, re) such that ^^^ = '^'('')- Lemma [1] implies 
that the measure /ij (given in (|5.27p ) is the unique minimizer of p.6p . Therefore, 

/(O = Jifi^) = r(e) - eA(r(0) 

by j321)- Since A'(r(^)) = ^"^ it is clear that 

1(0 = sup {r - CA(r)} = ^sup {rr' - A(r)} = eA*(r')- 

By convex duality, ^ i— > /(^) is strictly convex and differentiable on (fc, S)- 

If ^e = 0, then we have identified /(•) on (0, B). Let us now suppose ^e > 0. Note that 

I'iO = ^im ~ ^KHm = r'iO - A(r(C)) - ^A'(r(0)r'(?) = -A(r(0). 
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Therefore, I{(,c) — £,cl'{£,c+) = fc- This imphes by convexity that /(O) > r^- On the other hand, 

OO C30 oo 

E'^[e"'\Ti < (X)] = ^e'''=P„"(Ti = k) < ^e'''=P„"(l <Xk<B)< '^e^''~'^°'>^''+°^'''^ < oo 
fc=i fe=i fe=i 

for any r < /(O). Hence, Tc = ^(0). The equahty /(Cc) ^ £,cl'{£,c+) — I{0) forces /(•) to be affine hnear on 
[0,£,c] with a slope of /'(^c+)- In particular, ^ i-^ /(^) is differentiable on (0,5). 

Still supposing ^c > 0, fix ^ G (0,Cc]- Then, -^ (r — ^H''')) > foi" every r < r^. Therefore, 

sup {r ~ ^X{r)} =r,- iX{r,) = /(O) + e/'(ec+) = /(C)- 

In short, I{^) = sup^gi^ {r — £,X{r)} for every f G (0, B). 
Let us no longer suppose ^c > 0. At ^ = i?. 



I{B) = hm 7(0 = hm [r{0 - i\{r{m = lim 
< lim [r - BX{r)] < sup {r - BX{r)} < I{B). 



, MO 



A'(r) 



Here, the last inequality follows from (|5.30p . It is easy to check that I{£) = sup^g^ {r — £,X{r)} — oo when 
C > _B. This concludes the proof of Theorem [2] for ^ > 0. The arguments regarding ^ < are similar. D 

Proof of Proposition[Ji Suppose that the walk is nearest-neighbor. For every w G 17, let p{uj) '■— ^^' ,-. . 
For every r < Tc, recall that the function u,. : f^ x Z ^ M+ satisfies 

(5.31) Ur{uj, x) — 7r(a;, x — l)e''u,-(a;, x — 1) + 7r(a;, x + l)e^Ur{ijJ, x + 1) 

and that A(r) — — E [logWr(-, 1)]. Replacing (t„)„>i by (f_„)„>i in the whole construction, one can similarly 
obtain a function Ur : il x Z ^ M+ such that 

(5.32) UrioJ, x) — 7r(a;, x — \)e^Ur{uj., x — 1) + 7r(x, x + l)e''Mr(w, x + 1) 
and A(r) = E[logMr(-, !)]• Introduce 

Wr(ti',a; + 1) 'itr(w,x + l) 



[/r(w,x) .— , , . - ( \ 

and the Wronskian Wr(w, x) := det (t/r('^, a;))- By fOTjl and ((02)) . 

t/.(u.,x)=(f(l+^(^-)) -^(^-))^.(.,x-l) 
and VKr('jJ,a;) = p{TxU!)Wr{uJ,x — 1). However, it follows from (I5.12|) that 

Wr{uJ,x) — Ur{uJ,X + l)Ur((JJ, x) — Ur{uJ , x)Ur{uj , X + 1) = Ur(uj , x)Ur(uj , x)Wr{TxijJ ■, 0). 

Therefore, at x = 1, 

p{TiUj)Wr{uj,0) = V^;(w,l) = w^(a;,l)w^(w,l)WV(Tiw,0), 

log p{TiLj) + log H/^(w, 0) = \0gUr{uJ, 1) + \0gUr{uJ, 1) + log IVr(riW, 0). 

Take E-expectation to deduce that E [log/9(-)] = X{r) — X{r). In particular, A(r) — A(r) = A(0) — A(0). 
Hence, for every f G [—1,0), 

7(0 = sup {r + iX{r)} = sup {r - (-e)A(r)} + ^ ■ E [logp(.)] = /(-^ + ^ ■ E [logp(.)] . 

rGR reR 

In order to prove that such a symmetry is generally absent for walks with bounded jumps, let us provide 
a counterexample. Consider classical random walk on Z. Let p{z) :— Po{Xi = z) for every z G Z. Suppose 
p{-2) = 1/7, p{-l) = 3/7, p{l) = 1/7 and p(2) = 2/7. For r < 0, it is easy to see that e-^^"") and e^^'') are 
the two positive roots Xr and Xr of the polynomial 2x'* + x"^ — 7e^''x^ + 3x + 1. By plugging in various values 
for r, one can check that A(r) — A(r) — log(xrXr) is not independent of r. D 
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Appendix A 

Proposition 2. For nearest-neighbor random walk on X, in a uniformly elliptic product environment, the 
function J : A/i(f2 x TV) —> W^ , given by iLS^) . is not lower semicontinuous. Hence, 3 ^ 3** . 

Proof. Define Ooo '■— ^[p]^^'"^ where p{lo) := 7r(0, — l)/7r(0, 1) for every cj G il. Given any sequence (an)n>i 
that is strictly increasing to a^o, introduce a sequence {T^n)n>i of environment kernels by setting 

~ / IX a„7r(0, -1) - I ^\ a«^7r(0, 1) 

7r„(aj,— 1):= -, and 7r„(cj,l):= = 

a„^(0,-l) + a;^V(0,l) a„7r(0,-l)+a^V(0,l) 

for 1 < ri < oo. 

When 1 < n < oo, pn{ijj) ■— 7r„(a', — 1)/7t„(w, 1) satisfies E[p„] = a^E[p] = a^/a^ < 1. It follows from [TS] 
that the LLN holds under the environment kernel 7r„, and the limiting velocity is positive. By [T, there exists 
a 7r„-invariant probability measure Q„ <^ P. Let us define /i„ G MilQ x U) by d/i„(w, z) := d(Q)„(w)7r„(w, z). 
Then, ^ln e M^^{n x U). 

The case n = oo is different since poo('^) := TTooli^, — l)/7roo(w, 1) satisfies E[poo] = 1- By Jensen's 
inequality, E[logpoo] < logE[poo] = 0. Therefore, the walk under the environment kernel ttoo is transient to 
the right, but the limiting velocity is zero. (See [TH].) 

Mi(0) is weakly compact. There exists a subsequence (QTi^)fc>i of (Qr!)n>i that converges to some 
Qoo & Mi{n). Define p^o & Mi{n x U) by dpao{uj, z) :— d(Q)oo(^)'^oo(w, z). Clearly, pnk converges weakly to 
/^oo- Also, (poo)^ — (/^oo)^ — Qooi i-c, Qoo is TToo-invariaut. However, since the walk under the environment 
kernel tToq is transient but not ballistic, Qo^ is not absolutely continuous relative to P. (See [2].) Therefore, 
Poo ^ Mf),{n X U). By (|1.2p . 3{poo) = oo. On the other hand, it is easy to see that 

V 7Too(w, z) log °° ' dQoo(^) 
f^ ""(0, ^) 

which is finite by the uniform ellipticity assumption. This proves that 3 is not lower semicontinuous. D 

Remark 6. In the case of random walk on TL'^ in an elliptic periodic environment, il has finitely many 
elements. Therefore, Mi(f2 x TV) is finite- dimensional. Ellipticity ensures that 3 is finite on Mi{Q x TV). 
Note that a convex function on a finite- dimensional space is continuous whenever it is finite. Hence, 3 is 
continuous on Mi{Q x TZ). 

Appendix B 

Sketch of the proof of Lemma\^ For every F E K., y ^U^ and lo eVL, let /(w, y) := X]i=o ^C^Vi^' Vi+i ~ Vi) 
where {yi)i^Q is any sequence in Z'* with yo — 0, yj — y and y^+i — yi G TZ. The closed loop condition (given 
in Definition [2) ensures that / : fi x Z"* ^ M is well defined. Extend f to ilxM.'^ via interpolation. For every 
n > 1, define 5„ : R"* ^ M by 5„(t) := f{uj,nt)/n. 

The crucial step is to show that (§«)„> i is equicontinuous and hence compact. This is accomplished 
by estimating the modulus of continuity of (?„ from the moment condition in Definition [2] via a theorem of 
Garsia, Rodemich and Rumsey (given in [19j.) Once equicontinuity is established, the mean zero condition 
and the ergodic theorem are used to prove that {gn)n>i converges uniformly to zero on bounded sets. This 
immediately implies the desired result. See Chapter 2 of [TB] for the complete proof. D 

Appendix C 

Proposition 3. Suppose that d — \. For every r G M, P (a; : E'^[e'^'^^ ,ti < oo] < oo) = 1 if and only if 

P(w : £;^[e''^-i,f_i < oo] < oo) = 1. 

Proof. If P(cj : i?"[e'"^i,Ti < oo] < oo) = 1, then there exists a Ur : ^ x Z ^ M+ that satisfies Ur{u!,0) ~ 1 
and 



n(a;, x) — y^ ^(2;, X + z)e^Ur{uj, x -\- z) 



zGTl 
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for every a; G Z and P-a.e. lo. Therefore, Ur{Lo,Xn)e^'^ is a martingale under P". By the stopping time 
theorem, 

> E^ [ur {u;,Xr_,) e'-^-Sf_i < r,] 

> inf Ur{Lo,z)E^[e'-^-\f^i<T^] 

for every x > 1. Taking x ^ oo shows that _E"[e'"^-i, f_i < cx)] < oo. The proof of the other direction is 
similar. D 
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